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Topological semimetal-to-insulator phase transition between noncollinear and
noncoplanar multiple-Q states on a square-to-triangular lattice
Satoru Hayami and Yukitoshi Motome
Department of Applied Physics, University of Tokyo, Tokyo 113-8656, Japan
Noncollinear and noncoplanar magnetic orders lead to unusual electronic structures and transport
properties. We here investigate two types of multiple-Qmagnetically ordered states and a topological
phase transition between them in two dimensions. One is a coplanar but noncollinear double-Q state
on a square lattice, which is a semimetal accommodating massless Dirac electrons. The other is a
noncoplanar triple-Q state on a triangular lattice, which is a Chern insulator showing the quantum
anomalous Hall effect. We discuss the peculiar electronic structures in these two multiple-Q states
in a unified way on the basis of the Kondo lattice model, which suggests a quantum phase transition
between the two states in a continuous change of lattice geometry between the square and triangular
lattices. We systematically examine the possibility of such a transition by using the mean-field
approximation for the ground state of the periodic Anderson model. After clarifying the parameter
region in which the double-Q (triple-Q) state is stabilized on the square (triangular) lattice, we
show that a continuous topological phase transition indeed takes place between the double-Q Dirac
semimetal and the triple-Q Chern insulator on the square-to-triangular lattice. The nature of the
transition is discussed by the topologically-protected edge states as well as the bulk magnetic and
electronic properties. The results indicate that unusual critical phenomena may occur at finite
temperature related with multiple-Q chiral spin-liquid states.
PACS numbers: 71.10.Fd, 03.65.Vf, 71.27.+a, 75.47.−m
I. INTRODUCTION
The search for topologically nontrivial states has at-
tracted growing interest in condensed matter physics1,2.
Among them, a topological insulator is a new quantum
state of matter3–7. In this state, although the bulk of
the system is insulating with an energy gap opened by
the spin-orbit coupling, a spin current flows along the
edge/surface of the system. The current flow is dissi-
pationless and gives rise to a quantized spin Hall re-
sponse. Such a quantum spin Hall effect has been ex-
perimentally observed in two-dimensional quantum wells,
such as HgTe/CdTe8 and InAs/GaSb9,10, and in three-
dimensional bulk systems, such as Bi2Se3, Bi2Te3, and
Sb2Te3
11–14.
On the other hand, topologically nontrivial states are
also realized in magnetically-ordered systems with broken
time reversal symmetry. Such topological insulators with
magnetic ordering are called magnetic Chern insulators,
as they are classified according to nonzero values of the
Chern number15. Remarkably, the magnetic Chern in-
sulators exhibit a quantum anomalous (topological) Hall
effect even in the absence of an external magnetic field.
The origin of the anomalous Hall effects has been dis-
cussed in terms of the spin scalar chirality and associated
Berry phase in spin space16–19.
Such noncoplanar scalar chiral orders have been theo-
retically explored in the Kondo lattice model on several
frustrated lattice structures: a face-centered-cubic20, tri-
angular21–28, checkerboard29, pyrochlore30, and kagome
lattices19,31–34. These chiral ordered states will be im-
portant for potential applications to spintronics, as the
topological nature can be controlled by external magnetic
field and pressure as well as temperature. Furthermore,
they are beneficial owing to the possibility of acquiring a
wide energy gap determined by the exchange interaction
rather than the spin-orbit coupling. To stimulate exper-
imental exploration of such exotic states, it is desired
to systematically study how and when the noncoplanar
magnetic orders become stable. It is also interesting to
study how the topological nature changes in magnetic
phase transitions.
In the present study, we investigate the stability of
magnetic Chern insulators and their phase transitions,
with focusing on multiple-Q magnetically ordered states.
The multiple-Q states are characterized by more than
one ordering wave vectors, and tend to accommodate
noncollinear and noncoplanar magnetic orders. Hence,
the multiple-Q states in itinerant electron systems pro-
vide an ideal prototype for the magnetic Chern insula-
tors. In fact, some of the above-mentioned states in the
Kondo lattice model are the multiple-Q Chern insula-
tors19–22,29,33.
Specifically, we here focus on a triple-Q state on a tri-
angular lattice and a double-Q state on a square lat-
tice. The former exhibits a ferroic order of the spin
scalar chirality associated with four-sublattice noncopla-
nar magnetic order, leading to a magnetic Chern insu-
lating state21,22. Meanwhile, the latter shows a copla-
nar but noncollinear four-sublattice order, resulting in
a semimetallic state with massless Dirac electrons35–37.
First, we discuss the topologically-nontrivial electronic
structures for these two states in the Kondo lattice model.
We show that a topological phase transition between the
two states can occur while changing the lattice geometry.
Next, we discuss the stability of the multiple-Q states
and the possibility of such a topological phase transi-
tion by mean-field calculations for the periodic Ander-
2son model. We show that the double-Q and triple-Q
states are robustly realized on the square and triangu-
lar lattices, respectively, in a wide range of parameters.
Furthermore, we find that the model indeed exhibits a
continuous topological phase transition between the two
states by changing the lattice geometry. We discuss the
detailed nature of the transition by presenting the change
of the topologically-protected gapless edge states as well
as the bulk physical properties.
The organization of this paper is as follows. In Sec. II,
after introducing the double-Q and triple-Q states on the
square and triangular lattices, we discuss the peculiar
electronic structures for bulk and edge states and an an-
ticipated quantum phase transition between them by us-
ing the Kondo lattice Hamiltonian. In Sec. III, by using
the mean-field approximation for the periodic Anderson
model, we show that the system exhibits a continuous
quantum phase transition between the double-Q Dirac
semimetal and the triple-Q Chern insulator. Section IV
is devoted to a summary and concluding remarks.
II. MULTIPLE-Q STATES AND THEIR
ELECTRONIC STRUCTURE
In this section, we examine the fundamental magnetic
and electronic nature of the multiple-Q states that we
study in this paper. In Sec. II A, we introduce the def-
inition of multiple-Q magnetic orders. In Sec. II B, we
present the Kondo lattice Hamiltonian for the double-Q
and triple-Q states in a unified way. We show their elec-
tronic structures for both bulk and peculiar gapless edge
states in Sec. II C. In Sec. II D, we discuss an anticipated
phase transition between these two states by modifying
the lattice geometry.
A. Multiple-Q states
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FIG. 1. (Color online) Schematic pictures of (a) a double-Q
state with a coplanar spin configuration on a square lattice
and (b) a triple-Q state with a noncoplanar spin configuration
on a triangular lattice. The arrows denote the directions of
local magnetic moments. The inset of (b) shows the directions
of magnetic moments at the four-sublattice sites in the triple-
Q state. (c) The square lattice with diagonal bonds, which is
topologically equivalent to the triangular lattice in (b). t and
t′ represent the hopping amplitudes in the models in Eqs. (3)
and (8). We call this the square-to-triangular lattice.
In this study, we consider double-Q and triple-Q states
on square, triangular, and their intermediate lattices.
The order parameter for the double-Q state is written
by
〈Si〉 ∝ (cosQ1 · ri, cosQ2 · ri, 0), (1)
while that for the triple-Q state is given by
〈Si〉 ∝ (cosQ1 · ri, cosQ2 · ri, cosQ3 · ri). (2)
Here, Q1, Q2, and Q3 stand for the wave vectors char-
acterizing the multiple-Q states; ri is the position vector
of the site i. Equation (1) defines a noncollinear but
coplanar spin configuration as exemplified on the square
lattice in Fig. 1(a)36, while Eq. (2) gives a noncoplanar
configuration as illustrated on the triangular lattice in
Fig. 1(b)21,22; both of them are represented by superpo-
sitions of single-Q states.
In the following, we treat these two multiple-Q states
in a unified way by regarding the triangular lattice as
a topologically equivalent square lattice with diagonal
bonds, as shown in Fig. 1(c). We call this structure
the square-to-triangular lattice. Then, the double-Q
state is given by the superposition of (cos πrxi , 0, 0) and
(0, cosπryi , 0), which is described by taking Q1 = (π, 0)
and Q2 = (0, π) in Eq. (1). Here, ri = (r
x
i , r
y
i ), and we
set the lattice constant as unity. Similarly, the triple-
Q state is given by Q1 = (π, 0), Q2 = (0, π), and Q3 =
(π, π) on the square-to-triangular lattice in Fig. 1(c). We
note that, as shown in Figs. 1(a) and 1(b), all the relative
angles between neighboring moments are cos−1(0) = 90◦
for the double-Q state and cos−1(−1/3) ∼ 109◦ for the
triple-Q state.
B. Kondo Hamiltonian
In order to investigate the influence of the noncollinear
and noncoplanar magnetic ordering on the electronic
structure, we here consider the coupling of the magnetic
moments to noninteracting electrons through the local
exchange coupling. A minimal model to describe the sit-
uation is the Kondo lattice model, whose Hamiltonian is
given by
H =− t
∑
〈i,j〉σ
(c†iσcjσ +H.c.)− t′
∑
〈〈i,j〉〉σ
(c†iσcjσ +H.c.)
− J
∑
iσσ′
c†iσσσσ′ciσ′ · Si, (3)
where c†iσ (ciσ) is a creation (annihilation) operator of
itinerant electrons at site i and spin σ. The first term in
Eq. (3) represents the hopping of conduction electrons on
the nearest-neighbor bonds on the square lattice, while
the second term is for the diagonal bonds introduced to
connect the square lattice to the triangular lattice [see
Fig. 1(c)]. Note that t′ = 0 (t′ = t) corresponds to the
square (triangular) lattice. Hereafter, we take t = 1 as an
3energy unit. The third term in Eq. (3) describes the ex-
change coupling between conduction and localized spins.
Here, σ = (σx, σy, σz) is the vector of Pauli matrices,
Si is a localized spin at site i, and J is the exchange
coupling constant (the sign is irrelevant for the following
mean-field type arguments).
By replacing Si by Eqs. (1) and (2), the Hamiltonian
in Eq. (3) is written in the momentum representation,
H =
∑
kσ
εkc
†
kσckσ − Jm
∑
kσσ′η
c†kσσ
η
σσ′ck+Qησ′ , (4)
where c†kσ and ckσ are the Fourier transform of c
†
iσ and
ciσ, respectively; εk is the energy dispersion for free elec-
trons, εk = −2t(coskx + cos ky)− 2t′ cos(kx − ky). Here,
the sum of η in the second term is taken for η = 1 and
2 for the double-Q state, and η = 1, 2, and 3 for the
triple-Q state. We set the normalization factor m so
that |〈Si〉| = 1: m = 1/
√
2 and 1/
√
3 for double-Q and
triple-Q states, respectively.
In the momentum representation, the Hamiltonian is
divided into two irreducible parts as
H = c†IH˜cI + c†IIH˜cII , (5)
where
H˜ =


ǫk ∆ −i∆ α∆
∆ ǫk+Q1 −α∆ i∆
i∆ −α∆ ǫk+Q2 ∆
α∆ −i∆ ∆ ǫk+Q3

 . (6)
Here, c†I = (c
†
k↑, c
†
k+Q1↓
, c†k+Q2↓, c
†
k+Q3↑
), c†II = (c
†
k↓,
c†k+Q1↑, −c
†
k+Q2↑
, −c†k+Q3↓), and ∆ = Jm. We intro-
duce the parameter α to connect the double-Q and triple-
Q states: α = 0 for the pure double-Q state and α = 1 for
the pure triple-Q state. We note that this Hamiltonian
with α = 1 is formally common to the four-sublattice
triple-Q orders on the triangular and cubic lattices21,38.
In the two-dimensional triangular lattice case, the triple-
Q magnetic order induces Chern insulating states21,22
[see Fig. 2(b)], while, in the three-dimensional cubic lat-
tice case, it leads to semimetallic states with massless
Dirac dispersions38.
C. Electronic structure
The energy dispersion of the Hamiltonian in Eq. (5)
is shown in Fig. 2(a) at t′ = 0, J = 2 (∆ =
√
2),
and α = 0, which corresponds to the double-Q state
on the square lattice. All the bands are doubly de-
generate; the degeneracy comes from the fact that cI
and cII are related by a combination of lattice trans-
lation and spin rotation, which leaves H˜ unchanged. In
Fig. 2(a), a peculiar structure is found near the (π/2, π/2)
point; the band dispersions are linearly dependent on k
and cross with each other at the (π/2, π/2) point, re-
sulting in two-dimensional cone-like structures. This is
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FIG. 2. Energy dispersions of (a) the noncollinear double-Q
state on the square lattice (t′ = 0) and (b) the noncoplanar
triple-Q state on the triangular lattice (t′ = 1) at J = 2,
shown along the symmetric lines in the magnetic Brillouin
zone. In (a), two-dimensional massless Dirac nodes appear at
(pi/2, pi/2) at 1/4 and 3/4 fillings. Meanwhile, an energy gap
opens at 1/4 and 3/4 fillings in (b).
a signature of two-dimensional massless Dirac electrons
appearing at 1/4 and 3/4 fillings of conduction elec-
trons35,36,39–41. In fact, by expanding the Hamiltonian
around the (π/2, π/2) point and performing the unitary
transformations, the Dirac-type equation is obtained:
H˜ ≃ H˜2D± = ±
√
2∆σ0 ±
√
2t(κxσz + κyσx), (7)
where σ0 is the unit matrix and κ = (κx, κy) is the wave
vector measured from (π/2, π/2).
On the other hand, the energy dispersion for the triple-
Q state on the triangular lattice is shown in Fig. 2(b): the
result is calculated at t′ = 1, J = 2 (∆ = 2/
√
3), and α =
1 in Eq. (6). In the triple-Q state, the system becomes
insulating at 1/4 and 3/4 fillings. The opening of the
energy gap is due to the combination of the diagonal
hopping t′ and the triple-Q magnetic order parameter
α∆. In fact, the energy gap does not open when either
t′ = 0 or α = 0. The insulating states at 1/4 and 3/4
fillings are topologically-nontrivial Chern insulators21,22.
Consequently, they exhibit the quantization of the Hall
conductivity and gapless chiral edge states, as discussed
below.
Let us discuss the electronic state in the multiple-Q
states more closely, with emphasis on the peculiar edge
states associated with their topological nature. We here
consider the system with the (110) open edges, in which
both edges consist of A and C sublattice sites, as shown in
Fig. 3(a)42. In the (11¯0) direction, we adopt the periodic
boundary condition.
Figure 3(b) shows the band dispersions of the system
with the (110) edges for the double-Q state on the square
lattice. In this case, the Dirac nodes at the (π/2, π/2)
point in the bulk system are projected onto k‖ = 0 and
π. See Fig. 3(a) for the relation between (kx, ky) and
(k⊥, k‖). Interestingly, there appear bands connecting
the Dirac nodes for both 1/4 and 3/4 fillings. These are
the chiral edge states appearing in the two-dimensional
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FIG. 3. (Color online) (a) Schematic picture of the system
with the (110) edges. The sites in the dashed box represent
the unit cell used for the calculations of the edge states. The
number of sites in the unit cell is 130. The relation between
(kx, ky) and (k⊥, k‖) is also shown. Energy dispersions for
the systems at J = 2 for (b) the double-Q state on the square
lattice (t′ = 0 and α = 0) and (c) the triple-Q state on the
triangular lattice (t′ = 1 and α = 1).
Dirac semimetal. The emergence of the bands connect-
ing the Dirac nodes is similar to the case in zigzag-edged
graphene nanoribbons; the bands, however, are disper-
sive in the present system, while they have no k‖ depen-
dence in the nanoribbons43–45.
On the other hand, the triple-Q state on the triangu-
lar lattice shows gapless chiral edge states traversing the
gaps, as shown in Fig. 3(c). They have crossing points
at k‖ = π/2 with linear dispersions. These are the gap-
less edge states emergent in the Chern insulating states,
resulting in the nonzero quantized Hall conductivity21,22.
D. Topological phase transition between the
double-Q and triple-Q states
We here consider the stability of the multiple-Q states
from the energetic point of view. The noncollinear
double-Q state on the square lattice (t′ = 0) and the non-
coplanar triple-Q state on the triangular lattice (t′ = 1)
were shown to appear at 1/4 filling in the Kondo lat-
tice model by the Monte Carlo simulation combined with
 0.00
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 0.0  0.2  0.4  0.6  0.8  1.0
double-Q triple-Q
FIG. 4. (Color online) t′ dependence of the energy difference
between the noncollinear double-Q and noncoplanar triple-Q
states at 1/4 filling and J = 2.
the exact diagonalization23,36. Furthermore, the instabil-
ity toward these multiple-Q orders was explained by the
perturbation in the weak coupling limit24,46. Hence, the
double-Q and triple-Q states are considered to be real-
ized in the ground state, at least, at t′ = 0 and t′ = 1,
respectively.
Then, let us discuss how these two multiple-Q states
are connected with each other when we modify the lat-
tice geometry by changing t′ from 0 to 1. We here simply
compare the energy for the double-Q and triple-Q states
while changing t′. Figure 4 shows the energy difference
between the double-Q state, E(double), and the triple-Q
state, E(triple), at J = 2; E(double) and E(triple) are cal-
culated for α = 0 and 1, respectively. When t′ = 0,
the energy in the double-Q state is lower than that in
the triple-Q state. As increasing t′, the energy difference
becomes smaller, and finally, the energy for the triple-Q
state becomes lower for t′ & 0.89. Namely, the result
indicates that a topological phase transition is expected
between the Dirac semimetal and the Chern insulator
at t′ ∼ 0.89. In the present simple energy comparison,
however, we ignore a modulation of localized moments
from the perfectly ordered double-Q and triple-Q states.
We will examine whether this topological transition takes
place for the periodic Anderson model, in which modu-
lations of angles and lengths of the local moments are
allowed.
III. STABILITY OF MULTIPLE-Q STATES AND
TOPOLOGICAL PHASE TRANSITION
In this section, we discuss the stability of multiple-Q
states in a systematic way on the square-to-triangular
lattice. We adopt a fundamental model for describing
the coupling between conduction and localized electrons,
the periodic Anderson model. After showing the Hamil-
5tonian and the calculation method in Sec. III A, we first
present the ground-state phase diagram on the square
and triangular lattices in Secs. III B and III C, respec-
tively. We then discuss the phase transition between the
noncollinear double-Q and noncoplanar triple-Q states
on the square-to-triangular lattice in Sec. III D. We also
show the change of the edge states in the band structure
associated with the phase transition.
A. Model and method
The Hamiltonian for the periodic Anderson model is
written as
H =− t
∑
〈i,j〉σ
(c†iσcjσ +H.c.)− t′
∑
〈〈i,j〉〉σ
(c†iσcjσ +H.c.)
− V
∑
iσ
(c†iσfiσ +H.c.) + U
∑
i
nfi↑n
f
i↓ + E0
∑
iσ
nfiσ,
(8)
where f †iσ (fiσ) is the creation (annihilation) operator of
localized f electrons with spin σ at site i, and nfiσ =
f †iσfiσ. The first and second terms represent the kinetic
energy of conduction c electrons as in Eq. (3), the third
term the on-site hybridization between c and f electrons,
the fourth term the on-site Coulomb interaction for f
electrons, and the fifth term the atomic energy of f elec-
trons. The periodic Anderson model is reduced to the
Kondo lattice model in Eq. (3) in the large U limit with
one f electron per site; f electrons give localized mo-
ments, which couple with conduction electrons via the
Kondo coupling J ∝ V 2/U . We focus on the commen-
surate filling, ntot = (1/N)
∑
iσ〈c†iσciσ + f †iσfiσ〉 = 3/2,
which corresponds to the 1/4-filling case in the Kondo
lattice model. Hereafter, we take E0 = −4.
In order to study the ground state of the model in
Eq. (8), we employ the Hartree-Fock approximation for
the Coulomb U term, which preserves the SU(2) symme-
try of the interaction term as
nfi↑n
f
i↓ ∼ nfi↑〈nfi↓〉+ 〈nfi↑〉nfi↓ − 〈nfi↑〉〈nfi↓〉 − 〈f †i↑fi↓〉f †i↓fi↑
− f †i↑fi↓〈f †i↓fi↑〉+ 〈f †i↑fi↓〉〈f †i↓fi↑〉. (9)
Here, 〈· · · 〉 is the statistical average with respect to the
one-body mean-field Hamiltonian. In the calculations,
we adopt a 2 × 2-site unit cell to determine the phase
diagram. We confirm that the phase diagram is not qual-
itatively altered in the calculations by using an enlarged
4× 4-site unit cell.
B. Square lattice
First, we discuss the stability of the double-Q state
with massless Dirac electrons by investigating the
ground-state phase diagram of the periodic Anderson
FIG. 5. (Color online) Ground-state phase diagram of
the periodic Anderson model in Eq. (8) on the square lat-
tice at ntot = 3/2 obtained by the mean-field calculations for
E0 = −4 and t
′ = 0. Schematic pictures of the ordering pat-
terns in localized electrons are shown in the bottom panel.
The sizes of the spheres denote local electron densities, and
the arrows represent local spin moments. AF, Ferro, CO, and
NM stand for antiferromagnetic (collinear Ne´el-type), ferro-
magnetic, charge-ordered, and nonmagnetic metallic states,
respectively. Single-Q corresponds to Q = (0, pi) and double-
Q (0, pi), (pi, 0). The c-double-Q represents the double-Q state
with spin canting.
model in Eq. (8) on the square lattice (t′ = 0). Figure 5
shows the result at ntot = 3/2 and E0 = −4 obtained
by the mean-field approximation. The phase diagram is
mainly divided into three regions; multiple-Q region for
large U and small V (for U & V 2), charge ordered region
6for intermediate U and V , and nonmagnetic region for
small U and large V (for V & 2U). Schematic pictures
for each magnetic and charge ordered states of localized
electrons are presented in the bottom of Fig. 5.
In the large U and small V region, we find the double-
Q state as one of the dominant magnetic phases. This
phase accommodates the two-dimensional massless Dirac
electrons in the electronic band structure as described in
Sec. II A. Dirac nodes also appear at ntot = 1/2, 5/2,
and 7/2. We note that a similar double-Q state was
found by Monte Carlo simulation for the Kondo lattice
model at 1/4 filling36, corresponding to ntot = 3/2 in the
large U limit with keeping V 2/U at a nonzero constant.
Interestingly, the double-Q state in Fig. 5 appears around
U ∝ 2V 2.
Other dominant instabilities in the phase diagram
in Fig. 5 are the charge-ordered insulators. Interest-
ingly, although the periodic Anderson model include
neither bare off-site repulsive Coulomb interaction nor
electron-phonon interactions, there are three charge-
ordered phases in the intermediate U and V region: the
ferromagnetic, Ne´el-type antiferromagnetic, and double-
Q charge-ordered phases. Among them, the charge or-
dered state with Ne´el-type antiferromagnetic state was
found also in the Kondo lattice model47. Note that sim-
ilar charge order instabilities were also pointed out in
three-dimensional cubic systems48,49 and infinite dimen-
sional systems50–52. On the other hand, the double-Q
charge-ordered state has a noncollinear spin state; a sim-
ilar but noncoplanar triple-Q charge order was found on
a cubic lattice49
C. Triangular lattice
Next, we discuss the stability of the multiple-Q state on
the triangular lattice (t′ = 1). Figure 6 shows the ground-
state phase diagram at ntot = 3/2 and E0 = −4 obtained
by the mean-field approximation. We find that the triple-
Q states are stabilized in the three regions; small U and
large V (around V ∼ 6U), intermediate U and V (around
U ∼ 2V 2), and large U and small V (for U & 3 and
V . 1) regions. We here focus on the former two, as
the last one is replaced by other magnetically ordered
phase when we include other additional interactions and
hoppings in the model (not shown here).
The stabilization mechanism of the triple-Q state in
the small U and large V region is attributed to the per-
fect nesting of the Fermi surface as explained below. For
large V , the energy bands are split into the bonding and
antibonding ones by the hybridization between c and f
electrons, and the energetically-lower bonding band is
partially filled at ntot = 3/2. The effective filling in the
bonding band is 3/4. As pointed out in Ref. 21, the Fermi
surface at 3/4 filling on the triangular lattice is perfectly
nested, leading to the instability toward the triple-Q or-
der. This nesting instability is the origin of the triple-Q
order found in the small U and large V region.
FIG. 6. (Color online) Ground-state phase diagram of the
periodic Anderson model in Eq. (8) on the triangular lattice
at ntot = 3/2 obtained by the mean-field calculations for E0 =
−4 and t′ = 1. Schematic pictures of the ordering patterns
in localized electrons are shown in the bottom panel. The
notations are similar to those in Fig. 5.
On the other hand, the stabilization mechanism is dif-
ferent for the triple-Q state in the intermediate U and V
region. In this case, the origin is understood by consid-
ering the large U limit with keeping V 2/U at a constant,
where the periodic Anderson model at ntot = 3/2 is re-
duced to the Kondo lattice model at 1/4 filling. Indeed,
the local density of localized electrons is approximately
half filling in the large U region in this triple-Q state,
which is considerably different from that in the triple-Q
state in the small U and large V region. In the Kondo
lattice model, a similar triple-Q order was found at and
near 1/4 filling22,23, and the origin was attributed to the
(d − 2)-dimensional instability of the Fermi surface24,46.
A similar mechanism may work in stabilizing the triple-Q
7state in the intermediate U and V region in the periodic
Anderson model.
We note that both triple-Q states are insulating and
topologically nontrivial with nonzero Chern numbers. As
in the Kondo lattice case21,22, both states exhibit the
quantum anomalous Hall effect.
D. Connection between square and triangular
lattices
FIG. 7. (Color online) Ground-state phase diagram of the
periodic Anderson model at ntot = 3/2 for E0 = −4 and
U = 10. t′ = 0 corresponds to the isotropic square lattice
system and t′ = 1 to the isotropic triangular lattice system.
In the previous two sections, we found that the double-
Q state on the square lattice and the triple-Q state on the
triangular lattice appear in the similar parameter region
(along U ∼ 2V 2) at ntot = 3/2. Now let us discuss the
connection between the two states by changing t′ on the
square-to-triangular lattice. Figure 7 shows the ground-
state phase diagram at U = 10 as a function of V and t′.
As described in Sec. III B, there are two regions at t′ = 0:
the multiple-Q magnetically ordered region for small V
and the charge-ordered region for large V . These two
regions exhibit distinct responses to the diagonal hopping
t′ > 0 as described below.
In the large V region where the charge-ordered states
are realized at t′ = 0, the system shows a continuous
phase transition accompanied by the melting of charge
order at a relatively small t′ ∼ 0.1. The resultant ferro-
magnetic state without charge disproportionation is ex-
tended to the triangular lattice case with t′ = 1.
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FIG. 8. (Color online) t′ dependences of (a) the magnitude of
local moments, (b) local electron densities, (c) relative angles
between moments, (d) spin scalar chirality, and (e) energy
gap. The data are taken at ntot = 3/2, V = 2.5, U = 10,
and E0 = −4. In (c), f -nn and f -nnn mean the relative
angles between nearest and next-nearest neighbor moments
for f electrons, respectively. In (c) and (d), the horizontal
dashed line shows the values in the perfectly triple-Q ordered
states.
On the other hand, in the small V region, the phase
8transition between multiple-Q states occurs in a compli-
cated manner. We here focus on the double-Q state in the
region of 2.2 . V . 2.9. While increasing t′, as shown
in Fig. 7, the double-Q state extends up to t′ ∼ 0.7,
and shows a phase transition to the triple-Q state, which
continues to the triangular case with t′ = 1.
The phase transition is a topological one between the
double-Q Dirac semimetal and the triple-Q Chern insula-
tor. Figure 8 shows the changes of various physical quan-
tities while changing t′ at V = 2.5: the magnitude of local
moments m
f(c)
i =
√
〈sf(c)i,x 〉2 + 〈sf(c)i,y 〉2 + 〈sf(c)i,z 〉2 [sf(c)i,µ is
the µ component of the spin operator for f(c) electron],
the local electron density n
f(c)
i = 〈
∑
σ f
†
iσfiσ(c
†
iσciσ)〉,
relative angles between nearest and next-nearest neigh-
bor moments, the spin scalar chirality per plaquette for
f moments defined by χ = (1/Nα)
∑
{i,j,k}∈α s
f
i · (sfj ×
s
f
k)/(|sfi ||sfj ||sfk |) [(sfi = (sfi,x, sfi,y, sfi,z), i, j, and k de-
note the sublattice index, and α labels each triangle pla-
quette; Nα represents the number of triangle plaquettes],
and the energy gap.
The magnitudes of the local spins and charge densi-
ties do not change significantly in the entire t′ region,
as shown in Figs. 8(a) and 8(b). On the other hand,
the magnetic structure, scalar chirality, and energy gap
show a drastic change in the phase transition, as shown
in Figs. 8(c)-8(e). For 0 < t′ . 0.7, the magnetic struc-
ture does not change so much from the double-Q state at
t′ = 0, and the energy gap remains zero. With further in-
creasing t′ (t′ & 0.7), the f moments are gradually canted
in the perpendicular direction to the coplanar plane of the
double-Q order, as shown in Fig. 8(c). Accordingly, the
spin scalar chirality takes a nonzero value and the energy
gap opens, as shown in Figs. 8(d) and 8(e). As t′ → 1, the
magnetic order approaches to the pure triple-Q one; the
both relative angles between nearest-neighbor and next-
nearest-neighbor moments become cos−1(−1/3) ∼ 109◦,
as shown in Fig. 8(c). At the same time, the value of
the spin scalar chirality approaches 4/(3
√
3) for the per-
fectly triple-Q state. All these results coherently indicate
that the phase transition occurs continuously between
the double-Q Dirac semimetallic state and the triple-Q
Chern insulating state at t′ ∼ 0.7.
Finally, we examine the topological transition between
the multiple-Q states from the viewpoint of the electronic
structure by focusing on the edge states. We here con-
sider the system with the (110) edges, as in Fig. 3 in
Sec. II C. Figure 9 shows the band structure of the sys-
tem with the (110) edges at V = 2.5 with varying t′. In
Figs. 9(a) and 9(b) corresponding to the square lattice
case (t′ = 0), the edge states appear with connecting the
Dirac nodes projected onto k‖ = 0 and π. This is sim-
ilar to the case in the Kondo lattice model as shown in
Fig. 3(b). With increasing t′, the band structure does not
show a significant change within the double-Q state, as
shown in Figs. 9(c) and 9(d). Once the transition to the
triple-Q state occurs upon increasing t′ for t′ & 0.7, the
dispersions show qualitatively different behavior. In the
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FIG. 9. Energy dispersions for the system with the (110)
edges at (a) t′ = 0.0, (c) t′ = 0.6, (e) t′ = 0.7, (g) t′ = 0.8,
and (i) t′ = 1.0. The data are taken at V = 2.5, U = 10,
E0 = −4. (b), (d), (f), (h), and (j) are enlarged figures of
(a), (c), (e), (g), and (i) in the vicinity of the Fermi level at
ntot = 3/2, respectively.
triple-Q state, while the Dirac nodes for bulk disappear
by opening an energy gap, the gapless dispersions from
the edge states traverse the gap and cross with each other
at k‖ = π/2, as shown in Figs. 9(g)-9(j). Namely, the de-
generacy of edge states connecting the Dirac nodes in the
double-Q state is lifted according to the gap opening, and
each edge state continuously develops to the chiral one
in the Chern insulating state.
9IV. SUMMARY AND CONCLUDING
REMARKS
To summarize, we have investigated a phase transi-
tion between the noncollinear double-Q state and the
noncoplanar triple-Q state in two-dimensional itinerant
magnets. This is a topological transition between the
Dirac semimetal and the Chern insulator. The result
was shown for the Kondo lattice model and the peri-
odic Anderson model on the square-to-triangular lattice.
In particular, for the latter model, we explicitly showed
that, by the mean-field approximation, the system ex-
hibits a continuous phase transition accompanied by the
growth of the spin scalar chirality and the energy gap
while changing of lattice geometry. We examined the
topological nature of the transition by the development
of peculiar edge states.
Our results provide a reference to further studies for
the multiple-Q states and the phase transitions between
them. Especially, the phase transitions between double-
Q, triple-Q, and paramagnetic states at finite tempera-
tures will be stimulating. As a continuous symmetry can-
not be broken at finite temperatures in two-dimensional
systems if the interactions are short range53, the mag-
netic long-range orders will be destroyed in both the
double-Q and triple-Q states at finite temperatures. Nev-
ertheless, the scalar chirality in the triple-Q state has a
discrete symmetry, which can be broken at a finite tem-
perature even in two dimensions; hence, it is expected
that the system exhibits a scalar chiral spin-liquid phase
at finite temperatures23. On the other hand, in the
double-Q region, the vector chirality remains as an ac-
tive continuous degree of freedom at finite temperatures,
which might lead to an exotic phase transition, such as
the Berezinskii-Kosterlitz-Thouless54–56 and the Z2 vor-
tex transition57. Thus, it is intriguing to clarify how the
two multiple-Q states develop in the finite-temperature
region and how the system behaves around the quantum
critical point between the two states. To investigate such
exotic phenomena, it is necessary to perform an analysis
beyond the mean-field approximation used in the present
study. This is left for a future study.
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